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ON THE CHAOTIC BEHAVIOR OF THE DUNKL HEAT
SEMIGROUP ON WEIGHTED Lp SPACES
PRADEEP BOGGARAPU AND S. THANGAVELU
Abstract. In this paper we study the chaotic behaviour of the heat
semigroup generated by the Dunkl-Laplacian on weighted Lp spaces. In
the case of the heat semigroup associated to the standard Laplacian we
obtain a complete picture on the spaces Lp(Rn, (ϕiρ(x))
2dx) where ϕiρ
is the Euclidean spherical function. The behaviour is very similar to
the case of the Laplace-Beltrami operator on non-compact Riemannian
symmetric spaces studied by Pramanik and Sarkar.
1. Introduction
The study of chaotic dynamics of the heat semigroup on Riemannian
symmetric spaces of noncompact type, which started with the work of Ji
and Weber [10] has been completed recently by Pramanik and Sarkar [13]
(see also Sarkar [17]). As they have remarked, the chaotic behavior of the
heat semigroups on Lp spaces seems to be a non-Euclidean phenomenon. In
order to state the results of Pramanik and Sarkar and make a comparison
with the Euclidean case, we need to recall several definitions from Ergodic
theory. We closely follow the terminologies used in [13] referring to [4] and
[10] for more details.
Let Tt, t > 0 be a strongly continuous semigroup on a Banach space B.
(1) We say that Tt is hypercyclic if there exists a v ∈ B such that
{Ttv : t ≥ 0} is dense in B.
(2) If there exist a v ∈ B such that Ttv = v for some t > 0 then we say
that v is periodic for Tt.
(3) We say that Tt is chaotic if it is hypercyclic and if its periodic points
are dense in B.
Let ∆ = −∑nj=1 ∂2∂x2j be the standard Laplacian on the Euclidean space
Rn. The semigroup Tt = e
−t∆ generated by ∆ fails to be chaotic on Lp(Rn),
1 ≤ p ≤ ∞. This can be easily checked by appealing to the following
theorem proved in [11].
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Theorem 1.1 (de Laubenfels-Emamirad [11]). If Tt is a chaotic semigroup
generated by A in a Banach space B then the cardinality of σpt(A) ∩ iR is
infinite, where σpt(A) is the point spectrum of A.
Indeed, the spectrum of ∆ on Lp(Rn) is independent of p and equals
[0,∞). Consequently, e−t∆ cannot be chaotic on any of the Lp spaces.
Compare this with the case of the heat semigroup generated by the
Laplace-Beltrami operator ∆X on a noncompact Riemannian symmetric
space X. When p > 2, there are plenty of eigenfunctions, provided by the
elementary spherical functions, in Lp(X) with purely imaginary eigenvalues.
This fact has been utilized in obtaining a complete picture of the chaotic
behavior of e−t∆X on Lp(X) in the article [13] where the authors have es-
tablished the following result.
Theorem 1.2 (Pramanik-Sarkar [13]). For any Riemannian symmetric
space X of non-compact type, let Tt be the semigroup generated by ∆X , T
c
t =
ectTt and let cp =
4|ρ|2
pp′ where ρ is the half-sum of the positive roots. Then
the following conclusions hold: (a) For 2 < p < ∞, T ct is chaotic on Lp(X)
if and only if c > cp. (b) For p = ∞, T ct is non-chaotic on L∞(X) for all
c ∈ R. (c) However, T ct is subspace-chaotic on L∞(X) if and only if c > 0.
The analogue of spherical functions in the Euclidean set up are the Bessel
functions defined by
ϕλ(x) =
∫
Sn−1
eiλx·ωdσ(ω)
where dσ is the surface measure on Sn−1 and λ ∈ C. These are all eigenfunc-
tions of the Laplacian with eigenvalue λ2 : ∆ϕλ = λ
2ϕλ and when λ ∈ R,
ϕλ ∈ Lp(Rn), p > 2nn−1 . But when λ ∈ C, they have exponential growth.
Indeed,
ϕλ(x) = cn
Jn
2
−1(λ|x|)
(λ|x|)n2−1
where Jα(t) is the Bessel function of type α. It follows that
|ϕλ(x)| ≤ ϕiℑ(λ)(x) = cnIn
2
−1(ℑ(λ)|x|)(|ℑ(λ)| |x|)−
n
2
+1
where Iα(t) = Jα(it) is the modified Bessel function. Using the asymptotic
behavior of Iα(t) we see that
|ϕλ(x)| ≤ Cλ|x|−(
n−1
2
)e|ℑ(λ)||x|.
It then follows that for any ρ > 0, and p 6= 2,∫
Rn
|ϕλ(x)|p(1 + |x|)
(n−1)
2
pe−ρ|p−2| |x|dx <∞
3provided |ℑ(λ)| < γpρ where γp =
∣∣∣2p − 1∣∣∣. For p > 2, we can rewrite the
above as ∫
Rn
|ϕλ(x)ϕiρ(x)−1|p(ϕiρ(x))2dx <∞.
It turns out that the functions ϕλ(x)ϕiρ(x)
−1 are eigenfunctions of a mod-
ified Laplacian. Indeed, if we let ∆˜ to stand for the operator defined by
∆˜f = ϕ−1iρ ∆(fϕiρ) then clearly ∆˜(
ϕλ
ϕiρ
) = λ2( ϕλϕiρ ). From the very definition
of the functions ϕλ we have
ϕiρ(x) =
∫
Sn−1
eρx·ωdσ(ω)
and hence a simple calculation shows that
∆˜f(x) = (∆ + ρ2)f(x)− 2(ϕiρ(x))−1
n∑
j=1
∂
∂xj
f(x)
∂
∂xj
ϕiρ(x).
This can be further simplified by making use of Hecke-Bochner formula for
the Fourier transform. Note that
∂
∂xj
ϕiρ(x) = ρ
∫
Sn−1
ωje
ρx·ωdσ(ω)
and as ωj are spherical harmonics on S
n−1 it follows that (see Eqn. 15, page
37 in [7]) ∫
Sn−1
ωje
ρx·ωdσ(ω) = cn
xj
|x|
In/2(ρ|x|)
(ρ|x|)n/2−1 .
Therefore, if we let wn(x) = cn
In/2(ρ|x|)
In/2−1(ρ|x|)
then
∆˜ = ∆− 2ρ2wn(x)(x · ∇) + ρ2
is a first order perturbation of the Laplacian ∆. This operator ∆˜ has eigen-
functions, namely ϕλ(x)(ϕiρ(x))
−1 which belong to Lp(Rn, (ϕiρ(x))
2dx) for
p > 2 provided |ℑ(λ)| < γpρ. It is interesting to note the similarity between
∆˜ and the Laplacian ∆X on symmetric spaces.
The above suggests that we study the chaotic behaviour of the semigroup
T˜t generated by ∆˜ + ρ
2 on the weighted Lp spaces Lp(Rn, (ϕiρ(x))
2dx).
This semigroup is simply obtained from Tt = e
−t(∆+ρ2) by conjugation:
T˜t(f)(x) = (ϕiρ(x))
−1Tt(fϕiρ)(x). In this article our main aim is to prove
the following result regarding the chaotic behaviour of this semigroup.
Theorem 1.3. (a) For any 2 < p < ∞, the semigroup T˜ ct = ect T˜t is
chaotic on Lp(Rn, (ϕiρ(x))
2dx) if and only if c > cp. (b) For p = ∞, T˜ ct is
not chaotic on L∞(Rn) for any c ∈ R. (c) For 1 ≤ p ≤ 2, T˜ ct is neither
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hypercyclic nor has periodic points on Lp(Rn, (ϕiρ(x))
2dx).
For ν > 0, z > 0 let Kν(z) be the Macdonald function given by the
Sommerfeld integral
Kν(z) =
1
2
(z
2
)ν ∫ ∞
0
e−(t+
z2
4t
)t−ν−1dt.
By making a change of variables, we observe that
zνKν(z) = 2
−ν−1
∫ ∞
0
e−(tz
2+ 1
4t
)t−ν−1dt.
The asymptotic behavior of Kν and Iν(z) at infinity are given by
Kν(z) =
√
π√
2z
e−z(1 +O(1/z)), Iν(z) =
1√
2πz
ez(1 +O(1/z)),
see page 226 in [12]. Consequently, for |ℑ(λ)| < γpρ we see that∫
Rn
|ϕλ(x)|p(K˜n/2(ρ|x|))γppdx <∞
where K˜ν(z) = z
νKν(z). If we take λ = β(1 + i), |β| < γpρ, then ∆ϕλ =
2iβ2ϕλ and hence we have plenty of eigenfunctions with purely imaginary
eigenvalues which belong to the weighted Lp spaces Lp(Rn, (K˜n/2(ρ|x|))γppdx).
The behaviour of the modified semigroup T˜t on L
p(Rn, (ϕiρ(x))
2dx) is
equivalent to the behaviour of Tt on the spaces L
p(Rn, (K˜n/2(ρ|x|))γppdx)
for p > 2. Indeed, if we set I˜ν(z) =
Iν(z)
zν , then it follows from the asymptotic
properties of Iν and Kν that
(1.1) C1 ≤ I˜ν(z)K˜ν+1(z) ≤ C2, z ≥ 0.
In view of this, Lp(Rn, (K˜n/2(ρ|x|))p−2dx) is the same as Lp(Rn, (ϕiρ(x))2−pdx)
whenever p > 2 as γpp = p−2. It follows that f ∈ Lp(Rn, (ϕiρ(x))2dx) if and
only if fϕiρ ∈ Lp(Rn, (K˜n/2(ρ|x|))p−2dx). It is therefore, natural to study the
heat semigroup e−t(∆+ρ
2) on the weighted Lp spaces Lp(Rn, (K˜n/2(ρ|x|))γppdx).
It turns out that the chaotic behavior of e−t(∆+ρ
2) on these spaces is very
similar to the behavior of e−t∆X on Lp(X), p > 2. Indeed, we have the
following theorem.
In what follows we write Lpρ(Rn) in place of Lp(Rn, (K˜n/2(ρ|x|))γppdx) for
the sake of notational convenience.
Theorem 1.4. For 1 ≤ p ≤ ∞ let cp = ρ2(1 − γ2p) and for c ∈ R define
T ct = e
−t(∆+ρ2−c) where ∆ is the standard Laplacian on Rn. Then
(1) For 1 ≤ p <∞, p 6= 2, T ct is chaotic on Lpρ(Rn) if c > cp.
(2) T ct is not chaotic on L
∞
ρ (R
n) for any c ∈ R.
5(3) For 1 ≤ p < ∞ and c ≤ cp, T ct is not chaotic on Lpρ(Rn) and for
c < cp it is not even hypercyclic.
The proof of the above theorem depends on a sharp estimate for the heat
semigroup Tt on L
p
ρ(Rn) stated and proved in Proposition 3.4. And Theorem
1.3 is an immediate consequence of the above result.
In this paper we also work in a more general set up and study the
chaotic dynamics of the heat semigroup generated by the Dunkl Lapla-
cian ∆κ on R
n associated to a finite reflection group. Let G be such a
group generated by the reflections associated to a root system on Rn. Let κ
be a nonnegative multiplicity function and h2κ(x) be the associated weight
function. Let Tj , j = 1, 2, · · · , n be the Dunkl difference-differential op-
erators and ∆κ = −
∑n
j=1 T
2
j be the Dunkl Laplacian. For all the re-
quired definitions we refer to Section 3. We consider Tt = e
−t(∆κ+ρ2)
the heat semigroup generated by A = ∆κ + ρ
2 on the weighted Lp−space
Lp(Rn, (K˜n/2+γ(ρ|x|))γpph2κ(x)dx), where γ is defined in terms of the multi-
plicity function κ, see Section 3. We denote the above space by Lpρ,κ(Rn).
Note that Lpρ,0(R
n) = Lp(Rn, (K˜n/2(ρ|x|))γppdx) which we have denoted by
Lpρ(Rn). The chaotic behavior of the semigroup generated by A is described
in the following result. For 1 ≤ p ≤ ∞ we denote p′ to be conjugate index
of p i.e. 1/p + 1/p′ = 1.
Theorem 1.5. Let A = ∆κ + ρ
2. For 1 ≤ p ≤ ∞, let cp = ρ2(1 − γ2p) and
for c ∈ R define T ct = e−t(A−c). Then
(1) For 1 ≤ p < ∞, p 6= 2, T ct is chaotic on Lpρ,κ(Rn) if and only if
c > cp.
(2) T ct is not chaotic on L
∞
ρ,κ(R
n) for any c ∈ R.
(3) T ct is not chaotic on L
2
ρ,κ(R
n) = L2(Rn, hκ(x)
2dx) for any c ∈ Rn.
For c ≤ cp, we would like to know which property of T ct fails. The next
theorem partially answers this question.
Theorem 1.6. With same notations as in the previous theorem we have the
following results.
(1) For 1 ≤ p < 2 and c < 2ρ2p′ , T ct is not hypercyclic on Lpρ,κ(Rn).
(2) For p > 2 and c < 2ρ
2
p , T
c
t is not hypercyclic on L
p
ρ,κ(Rn).
Remark 1.7. When 1 ≤ p < 2 (when p > 2) and 2ρ2p′ ≤ c ≤ cp (resp. when
2ρ2
p ≤ c ≤ cp), we don’t know if T ct fails to be hypercyclic or not. Also we
are not able to say anything about the periodicity. This is due to the fact
that we do not have sharp estimates on the operator norm of Tt on L
p
ρ,κ(Rn).
On the other hand when κ = 0 we do have better estimates for the operator
norm of Tt and hence we have a complete picture.
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An examination of the proof of the sharp estimate for Tt = e
−t(∆+ρ2)
in Theorem 2.1 reveals that we need to use the boundedness of translation
operators on Rn on weighted Lp spaces. If we want to prove an analogue of
Theorem 2.1 for the Dunkl Laplacian, then we need to know the bounded-
ness properties of Dunkl translation on the spaces Lpρ,κ(Rn). Unfortunately,
the boundedness properties of these operators are not even known on Lp
spaces, see [20] for some results.
On the other hand, instead of Lpρ,κ(Rn) for 1 ≤ p <∞, if we consider the
mixed norm spaces Lp,2ρ,κ(Rn), then we can improve the estimates. These are
defined as the space of all functions f for which∫ ∞
0
(∫
Sn−1
|f(rω)|2h2κ(ω)dσ(ω)
) p
2
(K˜n/2+γ(ρr))
pγprn+2γ−1dr <∞.
The p-th root of the above quantity will be denoted by ‖f‖
Lp,2ρ,κ(Rn)
. On this
space we have better estimates for the Dunkl heat semigroup, see Theorem
3.5. Consequently, we can prove the following result.
Theorem 1.8. For 1 ≤ p < ∞ let cp = ρ2(1 − γ2p) and for c ∈ R define
T ct = e
−t(A−c). Then
(1) For 1 ≤ p <∞, p 6= 2, T ct is chaotic on Lp,2ρ,κ(Rn) if c > cp.
(2) For 1 ≤ p < ∞ and c < cp, T ct is not hypercyclic on Lp,2ρ,κ(Rn) and
hence not chaotic.
A comparison of these theorems with the results of [13] (see Theorems
1.2, 1.3 and 1.4) shows the similarity between the behavior of e−t(A−c) on
Lpρ,κ(Rn) and e−t(∆X−c) on Lp(X). It is also interesting to compare our
results to the unweighted case of the heat semigroup e−t(−∆−c) on Lp(Rn)
stated and proved in Section 9 of [13].
2. Chaotic behavior of the heat semigroup
on weighted Lp spaces
2.1. The heat semigroup on Lpρ(Rn): In this subsection we will estimate
the operator norm of Tt acting on the weighted space L
p
ρ(Rn). In proving
the following result we will make use of the fact that for 1 < p < ∞, the
dual of Lpρ(Rn) can be identified with Lp
′
(Rn, (ϕiρ(x))
p′γp′dx) if the duality
bracket is taken as
(f, g) =
∫
Rn
f(x)g(x)dx,
for f ∈ Lpρ(Rn), g ∈ Lp′(Rn, (ϕiρ(x))p′γp′dx). This follows from the estimates
(1.1). When p = 1 the dual of L1ρ(R
n) is taken as L∞(Rn) and we use the
standard duality bracket
(f, g) =
∫
Rn
f(x)g(x)K˜n/2(x)dx.
7Theorem 2.1. Let Tt be the semigroup generated by ∆+ ρ
2. Then for any
1 ≤ p < ∞ it is strongly continuous on Lpρ(Rn). Moreover, we have the
estimate
‖Ttf(x)‖Lpρ(Rn) ≤ C(1 + t)
n−1
2
(1+γp)e
− 4ρ
2
pp′
t‖f(x)‖Lpρ(Rn)
for all f ∈ Lpρ(Rn) and 1 ≤ p <∞.
Proof. In view of the asymptotic behavior of the Macdonald function, it is
enough to consider the space defined using (1 + |x|)(n−1)/2e−ρ|x| in place of
K˜n/2(ρ|x|). For the sake of brevity, just for this section, we denote the weight
function (1 + |x|)(n−1)/2e−ρ|x| by wρ(x). It is therefore enough to prove(∫
Rn
|Ttf(x)|p(wρ(x))pγpdx
) 1
p
≤ C(1 + t)n−12 (1+γp)e−
4ρ2
pp′
t
(∫
Rn
|f(x)|p(wρ(x))pγpdx
) 1
p
.
The strong continuity of Tt on L
p
ρ(Rn) follows from the norm estimates. In-
deed, for 0 < t ≤ 1, the operators Tt are uniformly bounded on Lpρ(Rn),
1 ≤ p < ∞. As Lp(Rn, dx) is dense in Lpρ(Rn), the strong continuity of Tt
on Lpρ(Rn) follows from the same on Lp(Rn, dx) in view of the continuous
inclusion Lp(Rn, dx) ⊂ Lpρ(Rn).
First assume that 1 < p < ∞. For any f ∈ Lpρ(Rn) and g ∈ (Lpρ(Rn))∗ ≃
Lp
′
(Rn, (ϕiρ(x))
γp′p
′
dx) consider∫
Rn
Ttf(x)g(x)dx = e
−tρ2
∫
Rn
∫
Rn
f(y)ht(x− y)g(x)dxdy
where ht is the heat kernel which is explicitly given by
ht(x) = (4πt)
−n/2e−
1
4t
|x|2 .
By making a change of variables in the x-integral, the above reads as
e−tρ
2
∫
Rn
ht(x)
( ∫
Rn
f(y)g(x+ y)dy
)
dx.
Now the inner integral can be estimated by Ho¨lder’s inequality after rewrit-
ing it as ∫
Rn
f(y)(wρ(y))
γpg(x+ y)(wρ(y))
−γpdy.
Since γp = γp′ the result is the bound( ∫
Rn
|f(y)|p(wρ(y))pγpdy
) 1
p
( ∫
Rn
|g(x + y)|p′(wρ(y))−p′γp′dy
) 1
p′
.
By making a change of variables, the second integral can be written as(∫
Rn
|g(y)|p′(wρ(y − x))−p′γp′dy
) 1
p′
.
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In view of the inequality (1 + |y|) ≤ (1 + |x − y|)(1 + |x|), we see that
(wρ(y − x))−γp′p′ ≤ (1 + |x|)
n−1
2
p′γp′ ep
′γp′ρ|x|(wρ(y))
−p′γp′ . By making use of
this, the above integral is bounded by
(1 + |x|)n−12 γpeγp′ρ|x|
( ∫
Rn
|g(y)|p′(ϕiρ(y))p′γp′dy
) 1
p′
.
Thus
∣∣∫
Rn
Ttf(x)g(x)dx
∣∣ is bounded by
e−tρ
2‖f‖Lpρ(Rn)‖g‖(Lpρ(Rn))∗
∫
Rn
ht(x)(1 + |x|)
n−1
2
γpeγpρ|x|dx.
A simple calculation shows that
e−tρ
2
∫
Rn
ht(x)(1 + |x|)
n−1
2
γp′ eγp′ρ|x|dx ≤ C(1 + t)n−12 (1+γp)e−tρ2(1−γ2p)
which completes the proof as 1 − γ2p = 4pp′ . When p = 1 we can directly
estimate ∫
Rn
∫
Rn
ht(x− y)|f(y)|(1 + |x|)(n−1)/2e−ρ|x|dxdy.
Just make a change of variables in the x-integral and proceed as before to
get the required estimate. 
2.2. Spectrum of the Laplacian on weighted Lp spaces. In case of
noncompact Riemannian symmetric spaces G/K the Lp spectrum of the
Laplace-Beltrami operator ∆ is precisely known. It has been proved in
Taylor [19] that the Lp spectrum is equal to the parabolic neighborhood
Pp = {λ2 + |ρ|2 : |ℑ(λ)| ≤ γp|ρ|}
of the half line [|ρ|2,∞). This follows from a multiplier theorem proved in
[19] for general Riemannian manifolds. It would be nice to see if we have
precise information about the spectrum of the Dunkl-Laplacian ∆κ acting on
the spaces Lpρ,κ(Rn). In this generality, we are not able to determine precisely
the spectrum of ∆κ. However, when κ = 0 i.e. for the standard Laplacian ∆
on Rn we do have the following result. In view of the asymptotic behavior
of the Macdonald function, it is enough to consider the space defined using
wρ(x) := (1 + |x|)(n−1)/2e−ρ|x| in place of K˜n/2(ρ|x|).
Theorem 2.2. For any 1 ≤ p < ∞, the spectrum of ∆+ ρ2 on Lpρ(Rn) is
precisely the set
Pp = {λ2 + ρ2 : |ℑ(λ)| ≤ γpρ}.
For p > 2, the spectrum of ∆˜ on Lp(Rn, (ϕiρ(x))
2dx) is also Pp.
As in the case of symmetric spaces this result can be deduced from the
following multiplier theorem for the Laplacian on the weighted Lp spaces
Lpρ(Rn).
9In order to state the result we recall some definitions from [19]. Let ΩW
be the set {λ ∈ C : |ℑ(λ)| < W} and set SmW to be the set of all even
holomorphic functions ϕ on ΩW satisfying
|ϕ(j)(λ)| ≤ Cj(1 + λ2)
m−j
2
on the closure ΩW for all j = 0, 1, 2, · · · .
Theorem 2.3. For every 1 < p < ∞ we have ϕ(√∆) : Lpρ(Rn) → Lpρ(Rn)
provided ϕ ∈ S0W with W ≥ γpρ.
In proving this theorem we closely follow [19] (see proof of Theorem A).
We use the functional calculus to write
ϕ(
√
∆) = (2π)−
1
2
∫ ∞
−∞
ϕ̂(t) cos t
√
∆ dt.
Using a partition of unity we write ϕ̂ = ϕ̂1+ ϕ̂2 where ϕ̂1 is compactly sup-
ported and ϕ̂2(t) = 0 for |t| small. As a consequence of this decomposition
we have
Lemma 2.4 (see Lemma 1.3 in [19]). Given ϕ ∈ SmW we can write ϕ =
ϕ1 + ϕ2 where ϕ̂1 has compact support, ϕ1 ∈ SmW ′ for all W ′ < W and
ϕ2 ∈ SmW .
In an earlier paper [1] it has been proved that ϕ1(
√
∆) is a pseudo-
differential operator whose distribution kernel is supported near the diago-
nal. Consequently, the boundedness of pseudo differential operators of order
0 on Lp spaces gives us
Lemma 2.5. If ϕ1 is as in the previous lemma with m = 0 then for any
1 < p <∞, ϕ1(
√
∆) is bounded on Lp(Rn).
Using the fact that the distribution kernel of ϕ1(
√
∆) is supported in a
neighborhood of the diagonal, say |x − y| ≤ 12 , we can actually prove the
boundedness of ϕ1(
√
∆) on the weighted Lp spaces Lpρ(Rn). To see this let
k(x, y) be the distribution kernel of ϕ1(
√
∆) which is supported in |x−y| ≤ 12
so that
ϕ1(
√
∆)f(x) =
∫
|x−y|≤ 1
2
k(x, y)f(y)dy.
Consider now
∫
Rn
|ϕ1(
√
∆)f(x)|p(wρ(x))pγpdx which is equal to
∞∑
m=0
∫
m− 1
2
≤|x|<m+ 1
2
|ϕ1(
√
∆)f(x)|p(wρ(x))pγpdx
≤ C
∞∑
m=0
(m+ 2)
(n−1)
2
pγpe−pγpρ(m−
1
2
)
∫
m− 1
2
≤|x|<m+ 1
2
|ϕ1(
√
∆)f(x)|pdx.
Since the kernel k(x, y) is supported in |x− y| ≤ 12 we observe that
χm− 1
2
≤|x|<m+ 1
2
(x)ϕ1(
√
∆)f(x) =
∫
|x−y|≤ 1
2
k(x, y)f(y)χm−1≤|y|≤m+1(y)dy.
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Consequently, the boundedness of ϕ1(
√
∆) gives the estimate∫
m− 1
2
≤|x|<m+ 1
2
|ϕ1(
√
∆)f(x)|pdx ≤ C
∫
m−1≤|y|≤m+1
|f(y)|pdy
which is easily seen to be bounded by
C(1 +m)−
(n−1)
2
pγpepγpρ(m+1)
∫
m−1≤|y|<m+1
|f(y)|p(wρ(y))pγpdy.
Summing over m we obtain∫
Rn
|ϕ1(
√
∆)f(x)|p(wρ(x))pγpdx ≤ C
∫
Rn
|f(y)|p(wρ(y))pγpdy
which takes care of ϕ1(
√
∆). The proof of Theorem 2.3 will be complete
once we prove the following result.
Theorem 2.6. If ϕ ∈ S−∞W , W ≥ γpρ then
ϕ(
√
∆) : Lpρ(R
n)→ Lpρ(Rn)
is bounded for 1 ≤ p <∞.
Proof. Once again the proof is a modification of the proof of Proposition 1.4
in [19]. We only prove the theorem when 1 ≤ p ≤ 2. The case p > 2 can
be handled by duality. Since ϕ(
√
∆) is bounded on L2(Rn), it is enough to
prove the boundedness of ϕ(
√
∆) on L1ρ(R
n) = L1(Rn, K˜n/2(ρ|x|)dx). For
then, we can appeal to Stein-Weiss interpolation theorem with change of
measures to get the desired result, see [19]. In fact our choice of the mea-
sure, namely (K˜n/2(ρ|x|))pγp is motivated by this theorem.
If kϕ(x, y) stands for the kernel of ϕ(
√
∆), we need to show that
sup
y∈Rn
(wρ(y))
−1
∫
Rn
|kϕ(x, y)|wρ(x)dx ≤ C.
Let Ay(m) be the annulus {x : m ≤ |x− y| < m+ 1} and consider∫
Rn
|kϕ(x, y)|wρ(x)dx =
∞∑
m=0
∫
Ay(m)
|kϕ(x, y)|wρ(x)dx.
By Cauchy-Schwarz we estimate the above by
∞∑
m=0
(∫
Ay(m)
(wρ(x))
2dx
) 1
2
(∫
Ay(m)
|kϕ(x, y)|2dx
) 1
2
.
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Now
(wρ(y))
−2
∫
Ay(m)
(wρ(x))
2dx =
∫
Ay(m)
(1 + |x|
1 + |y|
)(n−1)
e2ρ(|y|−|x|)dx
≤ (m+ 1)n−1e2ρ(m+1)
∫
Ay(m)
dx
≤ C(m+ 1)2(n−1)e2mρ
and consequently
(wρ(y))
−1
∫
Rn
|kϕ(x, y)|wρ(x)dx
≤ C
∞∑
m=0
(m+ 1)n−1emρ
(∫
Ay(m)
|kϕ(x, y)|2dx
) 1
2
.
Let L2 norm of kϕ(x, y) over the annulus Ay(m) can be estimated as in [19].
For the convenience of the reader we give some details.
Let δy stand for the Dirac delta distribution at y. Then we can find
functions gy and hy both in L
2(|x− y| ≤ 1) such that δy = ∆ s2 gy+hy where
s =
[
n
4
]
+ 1. We can assume that ‖gy‖2 and ‖hy‖2 are bounded uniformly
in y. With this decomposition of δy we obtain
kϕ(x, y) = ϕ(
√
∆)δy(x) = ϕs(
√
∆)gy(x) + ϕ(
√
∆)hy(x)
where ϕs(λ) = λ
2sϕ(λ). By the finite propagation speed, on the annulus
Ay(m) we have
ϕs(
√
∆)gy(x) =
∫
|t|≥m−1
ϕ̂s(t)(cos t
√
∆)gy(x)dt.
Since ϕs ∈ S−∞W , we have the estimate
|ϕ̂s(t)| ≤ CN (1 + t2)−
N
2 e−W |t|, N = 0, 1, 2, · · · .
Using the boundedness of cos t
√
∆ on L2(Rn) we have, for any N ,(∫
Ay(m)
|ϕs(
√
∆)gy(x)|2dx
) 1
2 ≤ CN
∫
|t|≥m−1
(1 + t2)−
N+2
2 e−W |t|dt
≤ CN (1 +m2)−
N
2 e−Wm.
A similar estimate holds for ϕ(
√
∆)hy on Ay(m). Putting these estimates
together we have
(wρ(y))
−1
∫
Rn
|kϕ(x, y)|wρ(x)dx
≤ C
∞∑
m=0
(m+ 1)n−1emρ(1 +m2)−
N
2 e−Wm
which is finite provided W ≥ ρ if we take N > n + 1. This completes the
proof of Theorem 2.6. 
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2.3. The chaotic behavior of the heat semigroup: In this subsection
we prove one of the main theorems namely Theorem 1.4 regarding the
chaotic behavior of the semigroup T ct = e
cte−t(−∆+ρ
2), c ∈ R on the space
Lpρ(Rn). In proving the result we closely follow the proofs given in [13] for
the case of symmetric spaces of non-compact type. As in [13] we let
Λp = {λ ∈ C : |ℑ(λ)| ≤ γpρ}
and define cp = (1− γ2p)ρ2 = 4ρ
2
pp′ . For any c > cp we also define a map
ωc : Λp → C, ωc(λ) = λ2 + ρ2 − c.
Using this we define the following three subsets of Λ0p, the interior of Λp;
A1 = {λ ∈ Λ0p : ℜ(ωc(λ)) > 0};
A2 = {λ ∈ Λ0p : ℜ(ωc(λ)) < 0};
A3 = {λ ∈ Λ0p : ωc(λ) ∈ iQ};
where Q is the set of all rationals. In [13] the authors have proved that
all these sets are non-empty and A3 has infinitely many points (see Lemma
4.1 in [13]) for c > cp. Also note that A1 and A2 are both open subsets of Λ
0
p.
To each of these Aj’s we associate certain subsets Aj as follows. The
translation of the spherical functions ϕλ(y) are given by the equation
τxϕλ(y) =
∫
Sn−1
eiλ(x+y)·ωdσ(ω).
It is therefore clear that τxϕλ are eigenfunctions of ∆+ ρ
2 with eigenvalues
λ2 + ρ2 and that τxϕλ ∈ Lpρ(Rn) whenever λ ∈ Λ0p and p 6= 2. This follows
from the estimate |eiλx·ω| ≤ Ce|ℑ(λ)| |x|. For each 1 ≤ j ≤ 3 we set
Aj = {τxϕλ(x) : x ∈ Rn, λ ∈ Aj}.
It is then clear that Aj ⊂ Lpρ(Rn) and that for f ∈ Aj, Ttf = e−tωc(λ)f .
We now recall certain results from the general theory of chaotic semi-
groups. Given a strongly continuous semigroup Tt on a Banach space B the
following three subsets of B are important in detecting the chaotic behavior
of Tt:
B0 = {x ∈ B : lim
t→∞
Ttx = 0};
B∞ = {x ∈ B : ∀ǫ > 0 ∃w ∈ B and t > 0 such that ‖w‖ < ǫ
and ‖Ttw − x‖ < ǫ};
BPer = the set of all periodic points of Tt.
Theorem 2.7 (see [4], Theorem 2.3). Let B be a separable Banach space
at let Tt be a strongly continuous semigroup on B. If both B0 and B∞ are
dense in B then Tt is hypercyclic.
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Corollary 2.8. Let B and Tt be as above. If all B0, B∞ and BPer are dense
in B then Tt is chaotic.
Once we have the above Theorem 2.7 and Corollary 2.8, the sufficiency
part of the Theorem 1.4 follows immediately from the next proposition.
Recall that we are considering the Banach spaces Lpρ(Rn) and the semigroup
T ct = e
−t(∆+ρ2−c).
Proposition 2.9. For each 1 ≤ j ≤ 3, Aj is dense in Lpρ(Rn), 1 ≤ p <
∞, p 6= 2 and span(A1) ⊂ B0, span(A2) ⊂ B∞ and span(A3) ⊂ BPer
provided c > cp.
Proof. We first prove the set inclusions span(A1) ⊂ B0, span(A2) ⊂ B∞
and span(A3) ⊂ BPer. When λ ∈ A1, ℜ(ωc(λ)) > 0 and hence for any
f ∈ span(A1), T ct f = e−tωc(λ)f from which it is clear that limt→∞ T ct f = 0.
If g ∈ span(A2), then g =
∑m
k=1 akτxkϕλk with λk ∈ A2. Consequently, if
we define ft =
∑m
k=1 ake
tωc(λk)τxkϕλk then it follows that T
c
t ft = g for any
t > 0. Since ℜ(ωc(λk)) < 0, for any ǫ > 0 we can choose t large enough
so that ‖ft‖Lpρ(Rn) < ǫ. On the other hand ‖T ct ft − g‖Lpρ(Rn) = 0 and hence
g ∈ B∞. The proof of third inclusion is also easy. As it is similar to the case
of symmetric spaces we leave the proof and refer to [13]. Now we need to
prove the density of B0, B∞ and BPer which will follow once we prove that
of Aj in Lpρ(Rn). Suppose the span of A1 is not dense in Lpρ(Rn), 1 < p <∞.
As the dual of Lpρ(Rn) can be identified with Lp
′
(Rn, (ϕiρ(x))
p′γp′dx) (where
1/p+ 1/p′ = 1), there exists g ∈ Lp′(Rn, (ϕiρ(x))p′γp′dx) such that∫
Rn
g(y)τxϕλ(y)dy = 0
for all λ ∈ A1 and x ∈ Rn. Note that Lp′(Rn, (ϕiρ(x))p′γp′dx) ⊂ L1(Rn) for
1 < p′ <∞ and hence the map
λ 7→
∫
Rn
g(y)τxϕλ(y)dy
is a continuous function on Λ0p. Moreover, by Morera and Fubini, the map
is holomorphic. Since A1 is a nonempty open subset of Λ
0
p it follows that∫
Rn
g(y)τxϕλ(y)dy = 0
for all λ ∈ Λp; in particular, for all λ ∈ R, x ∈ Rn, we have g ∗ ϕλ(x) =∫
Rn
g(y)τ−xϕ−λ(y)dy = 0. In view of Fourier inversion formula, we have
g(x) =
∫ ∞
0
g ∗ ϕλ(x)λn−1dλ = 0.
When p = 1 we have a bounded function g1 such that∫
Rn
g1(y)τxϕλ(y)K˜n/2(y)dy = 0
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for all λ ∈ Λp. Since the function g(y) = g1(y)K˜n/2(y) belongs to L1(Rn) we
can conclude that g1 = 0 as before. This proves the density of span of A1.
The density of span of A2 and A3 are similarly proved. 
Proof of the Theorem 1.4: For 1 ≤ p < ∞ and c ∈ R the semigroup
T ct = e
−t(∆+ρ2−c) is strongly continuous on Lpρ(Rn). Therefore, in view of
the Corollary 2.8 and Proposition 2.9, T ct is chaotic on L
p
ρ(Rn) for c > cp
and 1 ≤ p < ∞, p 6= 2. This proves the part (1) of Theorem 1.4. Now
we proceed to prove part (2), We note that for any c ∈ R, the semigroup
T ct = e
−t(∆+ρ2−c) is not hypercyclic on L∞ρ (R
n), since for any f ∈ L∞ρ (Rn),
T ct f is a continuous bounded function and hence the closure of the orbit
{T ct f : t > 0} in L∞ρ (Rn) is a subset of the subspace of all continuous
bounded functions which is a strictly contained in L∞ρ (R
n). This proves part
(2) of Theorem 1.4. For part (3), we make use of Theorem 2.2 according to
which the spectrum σp(∆ + ρ
2 − c) of the operator (∆ + ρ2 − c) on Lpρ(Rn)
is given by
Pp − c = {λ2 + ρ2 − c : |ℑ(λ)| ≤ γpρ}
for 1 ≤ p <∞. By the geometric form of the above set, it can be easily seen
that the set σp(∆+ ρ
2 − c) ∩ iR has at most one point for c ≤ cp and hence
in view of Theorem 1.1, T ct is not chaotic. If c < cp, the operators T
c
t are
uniformly bounded in t, as they satisfy the estimates
‖T ct f(x)‖Lpρ(Rn) ≤ C(1 + t)
n−1
2
(1+γp)e−t(cp−c)‖f(x)‖Lpρ(Rn).
for all f ∈ Lpρ(Rn) and 1 ≤ p < ∞. Consequently, for each f ∈ Lpρ(Rn) and
c < cp the orbit {T ct f : t > 0} is a bounded subset of Lpρ(Rn) and hence
it cannot be dense in Lpρ(Rn). This proves that T ct is not hypercyclic on
Lpρ(Rn) for c < cp and 1 ≤ p <∞ which completes the Theorem 1.4.
Proof of the Theorem 1.3: Parts (a) and (b) of Theorem 1.3 are re-
statements of Theorem 1.4. Indeed, as we have already noted the chaotic
behaviour of T ct on L
p
ρ(Rn) is the same as that of T˜ ct on L
p(Rn, (ϕiρ(x))
2dx)
as long as 2 < p <∞. Thus Theorem 2.1 leads to the estimate
‖T˜tf(x)‖Lp(Rn,(ϕiρ(x))2dx)
≤ C(1 + t)n−12 (1+γp)e−
4ρ2
pp′
t‖f(x)‖Lp(Rn,(ϕiρ(x))2dx).
Similarly, from Theorem 2.2 it follows that the spectrum of ∆+ρ2 on Lpρ(Rn)
is the same as the spectrum of ∆˜ + ρ2 on Lp(Rn, (ϕiρ(x))
2dx) for all p > 2.
Thus the proof of parts (a) and (b) of Theorem 1.3 is almost the same as
that of Theorem 1.4.
In order to treat the case 1 ≤ p ≤ 2 we make use of the following theorem
proved in [4] (see Theorem 2.5 in [13]).
Theorem 2.10. Let Tt be a hypercyclic semigroup generated by A in a
Banach space B. Then the adjoint A∗ of A and the dual semigroup T ∗t on the
dual space B∗ have the following properties: (a) The point spectrum σpt(A
∗)
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of A∗ is empty. (b) For any nonzero φ ∈ B∗, the orbit {T ∗t φ : t > 0} is
unbounded.
Recalling the definition of ∆˜ we see that∫
Rn
∆˜f(x)g(x)(ϕiρ(x))
2dx =
∫
Rn
f(x)∆˜g(x)(ϕiρ(x))
2dx
which means that ∆˜+ρ2 is selfadjoint. If T˜ ct were chaotic on L
p(Rn, (ϕiρ(x))
2dx)
for 1 ≤ p < 2, then the point spectrum of ∆˜+ρ2 on Lp′ should be empty. But
this is not the case as ϕλϕiρ with |ℑ(λ)| < p′γp′ belongs to Lp
′
(Rn, (ϕiρ(x))
2dx)
is an eigenfunction of ∆˜ + ρ2. For p = 2, the behaviour of e−t(∆˜+ρ
2−c)
on L2(Rn, (ϕiρ(x))
2dx) is equivalent to the behaviour of e−t(∆+ρ
2−c) on
L2(Rn, dx). In [13] the authors have studied the latter semigroup and hence
our results follow from theirs.
In order to show that T˜ ct has no periodic points in L
p(Rn, (ϕiρ(x))
2dx)
for 1 ≤ p ≤ 2, assume, on the contrary that there is a nontrivial f ∈
Lp(Rn, (ϕiρ(x))
2dx) such that T˜ ct f = f for some t = t0 > 0. This means
that g = fϕiρ which belongs to L
p(Rn, (ϕiρ(x))
2−pdx) is a periodic point
for e−t(∆+ρ
2−c): that is, e−t0(∆+ρ
2−c)g = g. Since we are in the case 1 ≤
p ≤ 2, Lp(Rn, (ϕiρ(x))2−pdx) ⊂ L1(Rn, dx) and hence by taking Fourier
transform we obtain (1 − e−t0ωc(λ))gˆ(λω) = 0 for all λ > 0 and ω ∈ Sn−1.
But then gˆ(ξ) = 0 for a.e. ξ ∈ Rn which is a contradiction. This completes
the proof of Theorem 1.3.
3. Chaotic behavior of the Dunkl heat semigroup
on weighted Lp spaces
3.1. Coxeter groups and Dunkl operators: In this subsection we recall
some definitions given in Introduction and we give some more preliminaries
about Dunkl theory. Let G be a Coxeter group (finite reflection group)
associated to a fixed root system R in Rn, n ≥ 2. We use the notation 〈., .〉
for the standard inner product on Rn and |x|2 = 〈x, x〉. We assume that
the reader is familiar with the notion of finite reflection groups associated
to root systems. Given a root system R we define the reflections σν , ν ∈ R
by
σνx = x− 2 〈ν, x〉|ν|2 ν.
Then G is a subgroup of the orthogonal group generated by the reflections
σν , ν ∈ R. A function κ defined on R is called a multiplicity function if
it satisfies κ(gν) = κ(ν) for every g ∈ G. We assume that our multiplicity
function κ is non negative.
In [5] Dunkl defined a family of first order differential-difference operators
Tj (which we call Dunkl operators) that play the role of partial differentiation
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for the reflection group structure. Dunkl operators Tj are defined by
Tjf(x) =
∂
∂xj
f(x) +
∑
ν∈R+
κ(ν)νj
f(x)− f(σνx)
〈ν, x〉
for j = 1, 2, · · · , n, where ν = (ν1, ν2, · · · , νn) and R+ is the set of all posi-
tive roots in R. These operators map Pnm to Pnm−1, where Pnm is the space
of homogeneous polynomials of degree m in n variables. More importantly,
these operators mutually commute; that is TiTj = TjTi.
Recall that the Dunkl-Laplacian ∆κ is defined to be the operator
∆κ = −
d∑
j=1
T 2j
which can be explicitly calculated, see Theorem 4.4.9 in Dunkl-Xu [6]. The
Dunkl Laplacian reduces to the standard Laplacian ∆κ = ∆ when κ = 0.
For all these facts we refer to Dunkl [5] and Dunkl-Xu [6]. The weight
function h2κ associated to the group G and the multiplicity function κ is
defined by
h2κ(x) =
∏
ν∈R+
|〈x, ν〉|2κ(ν), x ∈ Rn.
Note that h2κ(x) is a positive homogeneous function of degree 2γ where
γ =
∑
ν∈R+
κ(ν). We consider Lp spaces defined with respect to the measure
h2κ(x)dx. There exists a kernel Eκ(x, ξ) which is a joint eigenfunction for
all Tj :
TjEκ(x, ξ) = ξjEκ(x, ξ).
This is the analogue of the exponential e〈x, ξ〉 and Dunkl transform is defined
in terms of Eκ(ix, ξ).
For f ∈ L1(Rn, hκ(x)2dx) we define the Dunkl transform of f by
Fκf(ξ) =
∫
Rn
f(x)Eκ(−ix, ξ)hκ(x)2dx.
The Dunkl transform shares many important properties with the Fourier
transform. For example, we have the Plancherel theorem∫
Rn
|Fκf(ξ)|2hκ(ξ)2dξ = cn
∫
Rn
|f(x)|2hκ(x)2dx
for all f ∈ L1 ∩ L2(Rn, hκ(x)2dx) and the inversion formula
f(x) = cn
∫
Rn
Fκf(ξ)Eκ(ix, ξ)hκ(ξ)2dξ
for all f ∈ L1(Rn, hκ(x)2dx) provided Fκf is also in L1(Rn, hκ(x)2dx). In
this paper we also make use of some properties of the Dunkl kernel Eκ(x, ξ).
For example we require Eκ(λx, ξ) = Eκ(x, λξ) for any λ ∈ C and also the
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estimate |Eκ(x, ξ)| ≤ e|x||ξ| for all x, ξ ∈ Rn. We refer to [6] for all these and
more on Dunkl transform.
3.2. Dunkl heat semigroup on weighted Lp spaces. In [14] and [15],
Ro¨sler has studied the heat equation associated to the Dunkl Laplacian, viz.
∂
∂t
u(x, t) = ∆κu(x, t), u(x, 0) = f(x), t > 0, x ∈ Rn.
The solution of this equation, for f ∈ Lp(Rn, h2κdx) is given by
u(x, t) =
∫
Rn
Γκ(t, x, y)f(y)h
2
κ(y)dy
where Γκ is the heat kernel associated to ∆κ. The kernel Γκ is explicitly
known and is given by
(3.1) Γκ(t, x, y) =
Mκ
tn/2+γ
e−
1
4t
(|x|2+|y|2)Eκ
( x√
2t
,
y√
2t
)
.
We collect some important properties of this kernel in the following lemma.
Lemma 3.1 (Ro¨sler).
(1) Γκ(t, x, y) = c
−2
κ
∫
Rn
e−t|ξ|
2
Eκ(ix, ξ)Eκ(−iy, ξ)h2κ(ξ)dξ
(2)
∫
Rn
Γκ(t, x, y)h
2
κ(y)dy = 1
(3) Γκ(t+ s, x, y) =
∫
Rn
Γκ(t, x, z)Γκ(s, y, z)h
2
κ(z)dz.
In view of these properties, it is not difficult to show that the family of
operators Ht, t > 0 defined on L
p(Rn, h2κdx) by
Htf(x) =
∫
Rn
Γκ(t, x, y)f(y)h
2
κ(y)dy
forms a strongly continuous semigroup on Lp(Rn, h2κdx), 1 ≤ p < ∞. In-
deed, this has been proved in [20]. Thus for f ∈ Lp(Rn, h2κdx), 1 ≤ p < ∞,
Htf converges to f in the norm as t → 0. In this article we are interested
in the semigroup Tt generated by ∆κ + ρ
2 on the spaces Lpρ,κ(Rn). Note
that Ttf(x) = e
−tρ2Htf(x) is well defined even when f ∈ Lpρ,κ(Rn, dx) as
the integral defining Htf converges.
We define spherical functions in the Dunkl set up by the equation
ϕλ,κ(x) =
∫
Sn−1
Eκ(ix, λω)h
2
κ(ω)dσ(ω)
for λ ∈ C. These are all eigenfunctions of the Dunkl-Laplacian with eigen-
value λ2; ∆κϕλ,κ = λ
2ϕλ,κ. For λ ∈ C, ϕλ,κ has exponential growth. Indeed,
ϕλ,κ(x) = cn
Jn
2
+γ−1(λ|x|)
(λ|x|)n2+γ−1
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where Jα(t) is the Bessel function of type α. It can be easily proved that
ϕλ,κ ∈ Lpρ,κ(Rn) for |ℑ(λ)| < γpρ and p 6= 2.
Theorem 3.2. For each 1 ≤ p <∞, Tt, t > 0 defines a strongly continuous
semigroup on Lpρ,κ(Rn). Moreover, for any f ∈ Lpρ,κ(Rn), 1 ≤ p ≤ 2,
‖Ttf‖Lpρ,κ(Rn) ≤ Ct
(n+2γ−1)
2
γpe
− 2ρ
2
p′
t‖f‖Lpρ,κ(Rn)
whereas for p > 2
‖Ttf‖Lpρ,κ(Rn) ≤ Ct
(n+2γ−1)
2
γpe
− 2ρ
2
p
t‖f‖Lpρ,κ(Rn).
Proof. First note that the dual space of Lpρ,κ(Rn) can be identified with
Lp
′
(Rn, (ϕiρ,κ(x))
p′γp′h2κ(x)dx) and with this identification the operator Tt
will be self adjoint. In view of the asymptotic behaviour of the Macdonald
function (and Bessel function), it is enough to consider the space defined us-
ing (1 + |x|)(n+2γ−1)/2e−ρ|x| (respectively (1 + |x|)−(n+2γ−1)/2eρ|x| ) in place
of K˜n/2+γ(ρ|x|) (respectively (ϕiρ,κ(x))p
′γp′ ). For the sake of brevity, just
for this section, we denote the weight function (1 + |x|)(n+2γ−1)/2e−ρ|x| by
wρ,κ(x).
We first consider the case 1 ≤ p ≤ 2 for which we prove the above
estimates for the semigroup Tt on both weighted L
p-spaces Lpρ,κ(Rn) and
Lp(Rn, (ϕiρ,κ(x))
pγph2κ(x)dx). We make use of these estimates and duality
to prove the required estimates for p > 2. Since
Ttf(x) = e
−tρ2
∫
Rn
Fκf(ξ)e−t|ξ|2Eκ(ix, ξ)h2κ(ξ)dξ
it is clear that
‖Ttf‖2 ≤ Ce−tρ2‖f‖2, f ∈ L2(Rn, h2κ(x)dx).
Since L2ρ,κ(R
n) = L2(Rn, h2κ(x)dx) = (L
2
ρ,κ(R
n))∗ the required estimate is
true for p = 2. To prove the result for p = 1 we recall that
Ttf(x) = e
−tρ2
∫
Rn
Γκ(t, x, y)f(y)h
2
κ(y)dy
where Γκ(t, x, y) is the heat kernel defined in (3.1). As γ1 = 1 we need to
show that
sup
y∈Rn
(wρ,κ(y))
∓1
∫
Rn
Γκ(t, x, y)(wρ,κ(x))
±1h2κ(x)dx ≤ Ct(n+2γ−1)etρ
2
.
We consider the case of L1ρ,κ(R
n); the treatment of L1(Rn, ϕiρ,κ(x)h
2
κ(x)dx)
is similar.
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Since the heat kernel Γκ(t, x, y) satisfies
∫
Rn
Γκ(t, x, y)h
2
κ(x)dx = 1 we
immediately see that
(1+|y|)−(n+2γ−1)/2eρ|y|
∫
|x|≥|y|
Γκ(t, x, y)(1+|x|)(n+2γ−1)/2e−ρ|x|h2κ(x)dx ≤ C.
In order to treat the remaining part of the integral, we make use of the
explicit expression for Γκ(t, x, y), viz.
Γκ(t, x, y) =Mκt
−N/2e−
1
4t
(|x|2+|y|2)Eκ
( x√
2t
,
y√
2t
)
where we have written N = n + 2γ. Integrating in polar coordinates and
making use of the formula (see Proposition 2.3 in [20])
(3.2)
∫
Sn−1
Eκ(rx
′, sy′)h2κ(x
′)dσ(x′) = cN
JN
2
−1(irs)
(irs)
N
2
−1
we need to estimate
t−
N
2 (1 + s)−
N−1
2 eρs
∫ s
0
e−
1
4t
(r2+s2)
JN
2
−1(i
rs
2t )
(i rs2t )
N
2
−1
(1 + r)
N−1
2 e−ρrrN−1dr.
In view of the Poisson integral representation of Bessel functions, viz.
Jα(t) =
( t
2
)α ∫ 1
−1
eiut(1− u2)α− 12du
we need to estimate the integral
t−
N
2 (1 + s)−
N−1
2 eρs
∫ s
0
e−
1
4t
(r2+s2−2rsu)(1 + r)
N−1
2 e−ρrrN−1dr.
Note that (s − r)2 = r2 + s2 − 2rs ≤ r2 + s2 − 2rsu for any −1 ≤ u ≤ 1.
Consequently, as s ≥ r, (s − r) ≤ (r2 + s2 − 2rsu) 12 and (1 + s) ≥ (1 + r),
the above integral is bounded by
t−
N
2
∫ s
0
e−
1
4t
(r2+s2−2rsu)eρ(r
2+s2−2rsu)
1
2 rN−1dr
≤ t−N2
∫ ∞
0
e−
1
4t
(r2+s2−2rsu)eρ(r
2+s2−2rsu)
1
2 rN−1dr.
Thus, the required integral is bounded by
t−
N
2
∫ ∞
0
∫ 1
−1
(1− u2)N−12 e− 14t (r2+s2−2rsu)eρ(r2+s2−2rsu)
1
2 rN−1dudr.
The inner integral is the generalised Euclidean translation of e−
1
4t
r2eρr. As
the L1-norm is preserved by such a translation, the above is bounded by
t−
N
2
∫ ∞
0
e−
1
4t
r2eρrrN−1dr
which can be easily seen to be bounded by Cetρ
2
t
N−1
2 .
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We can now appeal to Stein-Weiss interpolation theorem (see in [18] ) to
prove the result for 1 ≤ p ≤ 2. Indeed, we have∫
Rn
|Ttf(x)|(wρ,κ(x))±1h2κ(x)dx ≤ Ct
N−1
2
∫
Rn
|f(x)|(wρ,κ(x))±1h2κ(x)dx
and also(∫
Rn
|Ttf(x)|2h2κ(x)dx
) 1
2
≤ Ce−tρ2
(∫
Rn
|Ttf(x)|2h2κ(x)dx
) 1
2
.
Interpolation of these two estimates give us(∫
Rn
|Ttf(x)|p(wρ,κ(x))±pγph2κ(x)dx
) 1
p
≤ CtN−12 γpe−
2ρ2
p′
t
(∫
Rn
|f(x)|p(wρ,κ(x))±pγpρ|x|h2κ(x)dx
) 1
p
which is the required inequality for 1 ≤ p ≤ 2. In order to prove Theorem
3.2 when p > 2 we use duality. Observe that∫
Rn
Ttf(x)g(x)h
2
κ(x)dx =
∫
Rn
f(x)Ttg(x)h
2
κ(x)dx.
Writing the right hand side as∫
Rn
f(x)(wρ,κ(x))
γpTtg(x)(wρ,κ(x))
−γph2κ(x)dx
and applying Holder’s inequality we get∣∣∣∣∫
Rn
Ttf(x)g(x)h
2
κ(x)dx
∣∣∣∣ ≤ C (∫
Rn
|f(x)|p(wρ,κ(x))pγph2κ(x)dx
) 1
p
×
(∫
Rn
|Ttg(x)|p′(wρ,κ(x))−p′γph2κ(x)dx
) 1
p′
.
For p > 2, p′ < 2 and hence by what we have already proved and the fact
that γp = γp′ , we get
|
∫
Rn
Ttf(x)g(x)h
2
κ(x)dx|
≤ CtN−12 γpe− 2ρ
2
p
t‖f‖Lpρ,κ(Rn)‖g‖(Lpρ,κ(Rn))∗ .
Taking supremum over all g ∈ (Lpρ,κ(Rn))∗ we obtain the required estimate.
The strong continuity of Tt on L
p
ρ,κ(Rn) follows from the norm estimates.
Indeed, for 0 < t ≤ 1, the operators Tt are uniformly bounded on Lpρ,κ(Rn),
1 ≤ p <∞. As Lp(Rn, h2κ(x)dx) is dense in Lpρ,κ(Rn), the strong continuity
of Tt on L
p
ρ,κ(Rn) follows from the same on Lp(Rn, h2κ(x)dx) in view of
the continuous inclusion Lp(Rn, h2κ(x)dx) ⊂ Lpρ,κ(Rn). The proof of strong
continuity of Tt on L
p(Rn, h2κ(x)dx) was given in Theorem 5.3 of [20]. 
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We now turn our attention to the Dunkl heat semigroup on the weighted
mixed norm space Lp,2ρ,κ(Rn). The semigroup Tt can be extended to the
space Lp,2ρ,κ(Rn). In fact we will show below that the weighted mixed norm
(Lp,2ρ,κ(Rn)-norm) estimate of Ttf can be reduced to a vector valued inequal-
ity for a sequence of Bessel semigroups of different types.
The Bessel semigroup Bαt of type α is initially defined on L
2(R+, r2α+1dr)
by
(3.3) Bαt f(r) =
∫ ∞
0
f(s)bαt (r, s)s
2α+1ds
where the kernel bαt (r, s) is given by
(3.4) bαt (r, s) = (2t)
−1e−
1
4t
(r2+s2)(rs)−αJα(
irs
2t
)
where Jα is the standard Bessel function of type α of first kind.
We can identify Lp,2ρ,κ(Rn) with Lp(R+,H, (K˜n/2+γ(ρr))pγprn+2γ−1dr), the
Lp space of H valued functions defined on R+ taken with respect to the
measure (K˜n/2+γ(ρr))
pγprn+2γ−1dr where H = L2(Sn−1, h2κ(ω)dσ(ω)). For
the space L2(Sn−1, h2κ(ω)dσ(ω)) there exists an orthonormal basis consist-
ing of h-harmonics. These are analogues of spherical harmonics and defined
using ∆κ in place ∆. A homogeneous polynomial P (x) is said to be a
solid h-harmonic if ∆κP (x) = 0. Restrictions of such solid harmonics to
Sn−1 are called spherical h-harmonics. The space L2(Sn−1, h2κ(ω)dσ(ω))
is the orthogonal direct sum of the finite dimensional spaces Hhm consist-
ing of h-harmonics of degree m. We can choose an orthonormal basis
Y hm,j, j = 1, 2, . . . , d(m), d(m) = dim(Hhm) for Hhm so that the collection
{Y hm,j : j = 1, 2, . . . , d(m), m = 0, 1, 2, . . .} is an orthonormal basis for
L2(Sn−1, h2κ(ω)dσ(ω)).
If f ∈ Lp,2ρ,κ(Rn), then f(r ·) ∈ L2(Sn−1, h2κ(ω)dσ(ω)) for almost every r.
Hence we have the following h-harmonic expansion: for a.e. r > 0,
f(rω) =
∞∑
m=0
d(m)∑
j=1
fm,j(r)Y
h
m,j(ω)
where fm,j(r) =
∫
Sn−1
f(rω)Y hm,j(ω)h
2
κ(ω)dσ(ω) are the spherical harmonic
coefficients of f. In view of Plancherel formula, we also have the following
expression for ‖f‖Lp,2ρ,κ(Rn):
(3.5)
∫ ∞
0
( ∞∑
m=0
d(m)∑
j=1
|fm,j(r)|2
) p
2
(K˜n/2+γ(ρr))
pγprn+2γ−1dr
 1p .
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With the above notations, the following proposition gives the relation be-
tween the Dunkl heat semigroup and the Bessel semigroups.
Proposition 3.3. For 1 ≤ p < ∞, let Tt be the semigroup generated by
A = ∆κ + ρ
2 and f ∈ Lp,2ρ,κ(Rn). Then we have∫
Sn−1
Ttf(rω)Y
h
m,j(ω)h
2
κ(ω)dσ(ω) = cn,κe
−tρ2rmB
N
2
+m−1
t (f˜m,j)(r)
for m = 0, 1, 2, . . . and j = 1, 2, . . . , d(m) where f˜m,j(r) = r
−mfm,j(r).
Proof. To prove the proposition, we make use of the following formula∫
Sn−1
Eκ(x, y)Y
h
m,j(x
′)h2κ(x
′)dσ(x′)(3.6)
= cn,κ(|x| |y|)−(
N
2
−1)JN
2
+m−1(i|x| |y|)Y hm,j(y′).
In view of (3.1) and (3.6), we have∫
Sn−1
Γκ(t, rω, sη)Y
h
m,j(ω)h
2
κ(ω)dσ(ω)
=
Mκ
t
N
2
e−tρ
2
e−
1
4t
(r2+s2)
∫
Sn−1
Eκ
( rω√
2t
,
sη√
2t
)
Y hm,j(ω)h
2
κ(ω)dσ(ω)
= cn,κe
−tρ2(2t)−1e−
1
4t
(r2+s2)(rs)−(
N
2
−1)JN
2
+m−1
( irs
2t
)
Y hm,j(η).
Recalling the definition of Ttf and making use of the above formula,∫
Sn−1
Ttf(rω)Y
h
m,j(ω)h
2
κ(ω)dσ(ω)
= cn,κe
−tρ2(2t)−1
∫ ∞
0
e−
1
4t
(r2+s2)(rs)−(
N
2
−1)JN
2
+m−1
( irs
2t
)
fm,j(s)s
N−1ds
= cn,κe
−tρ2rmB
N
2
+m−1
t (f˜m,j)(r).
This proves the proposition. 
Proposition 3.4. For 1 ≤ p < ∞, let Tt be the semigroup generated by
A = ∆κ + ρ
2 and f ∈ Lp,2ρ,κ(Rn). Then
‖Ttf‖Lp,2ρ,κ(Rn) ≤ A(p, t)‖f‖Lp,2ρ,κ(Rn)
if and only if the vector-valued inequality holds:∫ ∞
0
( ∞∑
m=0
d(m)∑
j=1
|rmB
N
2
+m−1
t (f˜m,j)(r)|2
) p
2
(K˜n/2+γ(ρr))
pγprN−1dr)
 1p
≤ A(p, t)
∫ ∞
0
( ∞∑
m=0
d(m)∑
j=1
|fm,j(r)|2
) p
2
(K˜n/2+γ(ρr))
pγprN−1dr)
 1p .
23
Here N = n+2γ, fm,j(s) = s
−mfm,j(s) and A(p, t) is a constant depending
on p and t.
Proof. With F = Ttf we use the h-harmonic expansion to get
‖Ttf‖Lp,2ρ,κ(Rn) =
∫ ∞
0
( ∞∑
m=0
d(m)∑
j=1
|Fm,j(r)|2
) p
2
(K˜N/2(ρr))
pγprN−1dr)
 1p .
Since Fm,j(r) =
∫
Sn−1
Ttf(rω)Y
h
m,j(ω)h
2
κ(ω)dσ(ω), in view of the previous
proposition and the above, the norm ‖Ttf‖Lp,2ρ,κ(Rn) is equal to
cn,κe
−tρ2
∫ ∞
0
( ∞∑
m=0
d(m)∑
j=1
|rmB
N
2
+m−1
t (f˜m,j)(r)|2
) p
2
(K˜N/2(ρr))
pγprN−1dr
 1p
which proves the proposition.

In Theorem 3.2, we have obtained a bound for the operator norm of Tt
on Lpρ,κ(Rn) which is given by C t
n+2γ−1
2
γpe
− 2ρ
2
p′
t
or C t
n+2γ−1
2
γpe−
2ρ2
p
t de-
pending on whether 1 ≤ p ≤ 2 or p > 2. This bound can be improved if we
consider the heat semigroup on Lp,2ρ,κ(Rn) under the added assumption that
2γ is an integer.
Theorem 3.5. Let 1 ≤ p < ∞ and let 2γ be an integer. Then Tt, t > 0
defines a strongly continuous semigroup on Lp,2ρ,κ(Rn). Moreover, for any
f ∈ Lp,2ρ,κ(Rn) we have
(3.7) ‖Ttf‖Lp,2ρ,κ(Rn) ≤ C(1 + t)
n+2γ−1
2
(1+γp)e
− 4ρ
2
pp′
t‖f‖Lp,2ρ,κ(Rn).
Proof. Let f(x) = f0(r)Y (ω) where x = rω, ω ∈ Sn−1, r = |x| and let Y (ω)
be a spherical h-harmonic of degree m. In view of Proposition 3.3, we have
Ttf(rω) = cn,κe
−tρ2rmB
N
2
+m−1
t (f˜0)(r)Y (ω)
where f˜0(r) = r
−mf0(r). Note that ‖Ttf − f‖Lpρ,κ(Rn) which is equal to the
product of(∫ ∞
0
|cn,κe−tρ2rmB
N
2
+m−1
t (f˜0)(r)− f0(r)|p(K˜N/2(ρr))pγprN−1dr
) 1
p
with
( ∫
Sn−1
|Y (ω)|ph2κ(ω)dσ(ω)
) 1
p
, tends to 0 as t→ 0 by the strong conti-
nuity of Tt on L
p
ρ,κ(Rn) for 1 ≤ p < ∞. This implies ‖Ttf − f‖Lp,2ρ,κ(Rn) → 0
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as t→ 0, as Y 6= 0. Similarly, if f ∈ Lp,2ρ,κ(Rn) is of the form
(3.8) f(rω) =
M∑
m=0
d(m)∑
j=1
fm,j(r)Ym,j(ω)
where M is a positive integer, then it follows that ‖Ttf − f‖Lp,2ρ,κ(Rn) → 0 as
t→ 0. Since the space of all such functions f having the form (3.8) is dense
in Lp,2ρ,κ(Rn), once we prove that Tt are uniformly bounded on L
p,2
ρ,κ(Rn) for
0 < t ≤ 1 it is immediate that ‖Ttf − f‖Lp,2ρ,κ(Rn) → 0 as t → 0 for every
f ∈ Lp,2ρ,κ(Rn) and hence Tt is strongly continuous on Lp,2ρ,κ(Rn).
In view of Proposition 3.4, in order to prove the weighted mixed norm
estimate (3.7), it is enough to prove the following vector-valued inequality∫ ∞
0
( ∞∑
m=0
d(m)∑
j=1
|rmB
N
2
+m−1
t (f˜m,j)(r)|2
) p
2
(K˜N/2(ρr))
pγprN−1dr
 1p
≤ A(p, t)
∫ ∞
0
( ∞∑
m=0
d(m)∑
j=1
|fm,j(r)|2
) p
2
(K˜N/2(ρr))
pγprN−1dr
 1p
where A(p, t) = C(1+ t)
n+2γ−1
2
(1+γp)e
− 4ρ
2
pp′
t
. In view of the same Proposition
3.4, the above vector valued inequality will follow once we prove
‖Ttf‖Lp,2ρ,0(RN ) ≤ C(1 + t)
n+2γ−1
2
(1+γp)e
− 4ρ
2
pp′
t‖f‖Lp,2ρ,0(RN )
for the standard heat semigroup Tt = e
−t(∆+ρ2) on RN , N = n+2γ. This is
the content of the next theorem. 
Theorem 3.6. Let 1 ≤ p <∞, ∆ be the standard Laplacian on RN and Tt
be the semigroup generated by (∆ + ρ2). Then
‖Ttf‖Lp,2ρ,0(RN ) ≤ C(1 + t)
n+2γ−1
2
(1+γp)e
− 4ρ
2
pp′
t‖f‖Lp,2ρ,0(RN ).
We obtain the above result as a consequence of the weighted norm esti-
mate proved in Theorem 2.1. To this end, we make use of a transference
result due to Rubio de Francia, see [16]. For given k ∈ SO(N), the special
orthogonal group, we define the rotation operator ̺(k) by ̺(k)f(x) = f(kx).
For a given radial weight function w consider weighted mixed norm space
Lp,2w (RN ) consisting of all functions f for which the norms
‖f‖
Lp,2w (RN )
=
(∫ ∞
0
(∫
SN−1
|f(rω)|2h2κ(ω)dσ(ω)
) p
2
w(r)rN−1dr
) 1
p
are finite. We claim that for any bounded linear operator T acting on
Lp(RN , w(|x|)dx) which commutes with rotations, i.e. T̺(k) = ̺(k)T for
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every k ∈ SO(N), there exists a bounded linear operator T˜ on Lp,2w (RN ) such
that T˜ f = Tf for f ∈ Lp,2w (RN ) ∩ Lp(RN , w(|x|)dx) and ‖T˜‖op ≤ ‖T‖op. In
order to prove this claim, we make use of an idea due to Rubio de Francia
[16]. This method described briefly in [16] is based on an extension of a
theorem of Marcinkiewicz and Zygmund as expounded in Herz and Riviere
[8] in the form of the following lemma.
Lemma 3.7. Let (G,µ) and (H, ν) be arbitrary measure spaces and S :
Lp(G)→ Lp(G) a bounded linear operator. Then if p ≤ q ≤ 2 or p ≥ q ≥ 2,
there exists a bounded linear operator S˜ : Lp(G;Lq(H)) → Lp(G;Lq(H))
with ‖S˜‖ ≤ ‖S‖ such that for g ∈ Lp(G;Lq(H)) of the form g(x, ξ) =
f(ξ)u(x) where f ∈ Lp(G) and u ∈ Lq(H) we have
(S˜g)(ξ, x) = (Sf)(ξ)u(x).
The idea of Rubio de Francia is as follows. Since T : Lp(RN , w(|x|)dx)→
Lp(RN , w(|x|)dx) is a bounded linear operator, by the lemma of Herz and
Riviere, there exists a bounded linear operator T˜ on Lp(RN ,H, w(|x|)dx),
the space of all H valued functions F on RN for which∫
RN
(∫
K
|F (x)(k)|2dk
) p
2
w(|x|)dx
are finite. Here H is the Hilbert space L2(K), K = SO(N) and dk is
the Haar measure on K. Moreover, the operator T˜ satisfies (T˜ f˜)(x, k) =
Tg(x)h(k) if f˜(x, k) = g(x)h(k), x ∈ RN , k ∈ SO(N). Given a function
f ∈ Lp(RN , w(|x|)dx) consider f˜(x, k) = ̺(k)f(x) = f(kx). Then∫
RN
(∫
K
|f˜(x, k)|2dk
) p
2
w(|x|)dx
can be calculated as follows. If x = rω , ω ∈ SN−1, f˜(x, k) = f(rkω) and
hence ∫
K
|f˜(x, k)|2dk =
∫
Kω
(∫
K/Kω
|f(rkω)|2dµ
)
dν(3.9)
where Kω = {k ∈ K : kω = ω} is the isotropy subgroup of K, dν is the
Haar measure on Kω and dµ is the Kω invariant measure on K/Kω which
can be identified with SN−1. Hence∫
K
|f˜(x, k)|2dk = cN
∫
SN−1
|f(rω)|2dσ(ω).
Therefore, ∫
RN
( ∫
K
|f˜(x, k)|2dk
) p
2
w(|x|)dx
= c′N
∫ ∞
0
( ∫
Sn−1
|f(rω)|2dσ(ω)
) p
2
w(r)rN−1dr.
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and hence Lp,2w (RN ) can be considered as a subspace of Lp(RN ,H, w(|x|)dx)
with the identification f 7→ f˜ and it is invariant under the operator T˜ . Since
T commutes with rotations, i.e. T̺(k) = ̺(k)T we see that
T˜ f˜(x, k) = T (̺(k)f)(x) = ̺(k)(Tf)(x) = (Tf)(kx).
The boundedness of T˜ on Lp(RN ,H, w(|x|)dx) gives∫
RN
(∫
K
|Tf(kx)|2dk
) p
2
w(|x|)dx ≤ C
∫
RN
( ∫
K
|f(kx)|2dk
) p
2
w(|x|)dx
which translates into the boundedness of the restriction of T˜ to the weighted
mixed norm space Lp,2w (RN ). This proves our claim.
3.3. The point spectrum of ∆κ on L
p
ρ,κ(Rn). In this subsection we pre-
cisely determine the point spectrum of the Dunkl-Laplacian on the weighted
spaces Lpρ,κ(Rn). In the unweighted case, the spectrum of ∆κ turns out to
be the half line [0, ∞) for all p. This follows from a multiplier theorem for
the Dunkl transform proved in [2]. On the other hand we do not have a
multiplier theorem on the weighted spaces Lpρ,κ(Rn) for p 6= 2. However, it is
not difficult to determine the point-spectrum σpt(∆κ + ρ
2) on these spaces.
Theorem 3.8. For any 1 ≤ p <∞ we have σpt(∆κ+ρ2) = P0p, the interior
of Pp.
Proof. It is enough to prove that if f is an eigenfunction of ∆κ in L
p
ρ,κ(Rn),
1 ≤ p <∞ with eigenvalue λ2, then |ℑ(λ)| < γpρ. If f is such an eigenfunc-
tion, then∫
Sn−1
∆κf(rω)Y
h
m,j(ω)h
2
κ(ω)dσ(ω) = λ
2
∫
Sn−1
f(rω)Y hm,j(ω)h
2
κ(ω)dσ(ω)
form = 0, 1, 2, · · · , j = 1, 2, · · · , d(m). Here Y hm,j is a spherical h-harmonic of
degree m taken from the orthonormal basis {Y hm,j : j = 1, 2, . . . , d(m), m =
0, 1, 2, . . .} for L2(Sn−1, h2κ(ω)dσ(ω)). The Dunkl-Laplacian has the explicit
form (see page.159 in [3])
∆κ = −
( d2
dr2
+
N − 1
r
d
dr
+
1
r2
∆h,0
)
where ∆h,0 is the spherical part of ∆κ and N = n+ 2γ. In view of this, we
have(
d2
dr2
+
N − 1
r
d
dr
+ λ2
)
fm,j(r) = − 1
r2
∫
Sn−1
∆h,0f(rω)Y
h
m,j(ω)h
2
κ(ω)dσ(ω)
where
fm,j(r) =
∫
Sn−1
f(rω)Y hm,j(ω)h
2
κ(ω)dσ(ω)
are the spherical harmonic coefficients of f.
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Making use of the facts that ∆h,0 is selfadjoint on L
2(Sn−1, h2κ(ω)dσ(ω))
and Y hm,j are eigenfunctions of ∆h,0 with eigenvalues −m(m + N − 2), we
see that the functions fm,j satisfy the differential equation(
r2
d2
dr2
+ (N − 1)r d
dr
+ λ2r2 −m(m+N − 2)
)
fm,j(r) = 0
for r > 0. If we define gm,j(r) = r
N/2−1fm,j(r), then these functions satisfy
the Bessel differential equation of type (m+ N2 − 1), i.e.(
r2
d2
dr2
+ r
d
dr
+ λ2r2 − (m+ N
2
− 1)2
)
gm,j(r) = 0
for r > 0. We know that the linearly independent solutions of Bessel dif-
ferential equation of type ν are given by the Bessel functions of first kind
Jν(λr) and second kind Yν(λr), see e.g. [12], page 219. Therefore,
gm,j(r) = C1(λ)Jm+N/2−1(λr) +C2(λ)Ym+N/2−1(λr).
In the above C2(λ) has to be 0 since gm,j(r) and Jm+N/2−1(λr) are locally
integrable functions whereas Ym+N/2−1(λr) is not locally integrable near the
origin. This follows from the fact that
Ym+N/2−1(x) ≈ −
2m+N/2−1Γ(m+N/2 − 1)
πxm+N/2−1
for x→ 0. Thus gm,j(r) = rN/2−1fm,j(r) = C1(λ)Jm+N/2−1(λr) and hence
fm,j(r) = C1
Jm+N/2−1(λr)
(λr)N/2−1
for r > 0. Since f ∈ Lpρ,κ(Rn), it can be easily seen that∫ ∞
0
|fm,j(r)|p(Kn/2+γ(ρr))pγprN−1dr <∞
which implies that∫ ∞
0
∣∣∣∣Jm+N/2−1(λr)(λr)N/2−1
∣∣∣∣p (1 + r) (n+2γ−1)2 pγpe−ρpγprrN−1dr <∞.
This is possible only if |ℑ(λ)| < γpρ which proves Theorem 3.8. 
3.4. The chaotic behavior of the Dunkl heat semigroup: In this
subsection we prove the remaining main theorems, namely Theorem 1.5
and Theorem 1.8 regarding the chaotic behavior of the semigroup T ct =
ecte−t(∆κ+ρ
2), c ∈ R on the spaces Lpρ,κ(Rn) and Lp,2ρ,κ(Rn). For the space
Lp,2ρ,κ(Rn), we assume that 2γ is an integer to give a complete picture of the
chaotic behavior of the semigroup T ct = e
cte−t(∆κ+ρ
2), c ∈ R on that space.
We prove these results by imitating the proofs presented in the Subsection
2.3 where we have discussed the chaotic behavior of heat semigroup in the
Euclidean set up. So we give a very sketchy outline of these proofs. We use
all the notations introduced in the Subsection 2.3 with some appropriate
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changes required for the Dunkl set up. For example, we have to replace the
Euclidean translations of the spherical functions τxϕλ by the Dunkl trans-
lations of the Bessel functions τxϕλ,κ which are defined by
τxϕλ,κ(y) =
∫
Sn−1
Eκ(ix, λω)Eκ(iy, λω)h
2
κ(ω)dσ(ω)
where ϕλ,κ are Dunkl spherical functions defined in Subsection 3.2. All
other notations Λp, ωc, cp, A
′
js, A′js, B0, B∞ and BPer are the same
as in Subsection 2.3. Note that Aj’s are defined by using Dunkl trans-
lations of Dunkl spherical functions τxϕλ,κ in place of Euclidean transla-
tions of spherical functions τxϕλ and B0,B∞ and BPer are defined for the
space B = Lpρ,κ(Rn) and the semigroup T ct = ecte−t(∆κ+ρ
2−c). Also note
that τxϕλ,κ ∈ Lpρ,κ(Rn) whenever λ ∈ Λ0p and p 6= 2. This follows from
the estimate |Eκ(ix, λω)| ≤ Ce|ℑ(λ)| |x|. See [9], where estimates of partial
derivatives of Eκ(x, z), x ∈ Rn, z ∈ Cn are given. It is then clear that
Aj ⊂ Lpρ,κ(Rn) and also for f ∈ Aj, Ttf = e−tωc(λ)f for each 1 ≤ j ≤ 3.
With these notations, we have the following proposition which is the ana-
logue of Proposition 2.9.
Proposition 3.9. For each 1 ≤ j ≤ 3, Aj is dense in Lpρ,κ(Rn), 1 ≤ p <
∞, p 6= 2 and span(A1) ⊂ B0, span(A2) ⊂ B∞ and span(A3) ⊂ BPer
provided c > cp.
Proof. The set inclusions span(A1) ⊂ B0, span(A2) ⊂ B∞ and span(A3) ⊂
BPer can be proved by the same arguments given in the proof of Proposition
2.9. Now we need to prove the densities of B0, B∞ and BPer which will follow
once we prove that of Aj’s are dense in Lpρ,κ(Rn). Suppose the span of A1
is not dense in Lpρ,κ(Rn), 1 < p < ∞. As the dual of Lpρ,κ(Rn) can be
identified with Lp
′
(Rn, (ϕiρ,κ(x))
p′γp′hκ(x)
2dx) (where 1/p + 1/p′ = 1 and
1 < p′ <∞), there exists g ∈ Lp′(Rn, (ϕiρ,κ(x))p′γp′hκ(x)2dx) such that∫
Rn
g(y)τxϕλ(y)h
2
κ(y)dy = 0
for all λ ∈ A1 and x ∈ Rn. Note that Lp′(Rn, (ϕiρ,κ(x))p′γp′hκ(x)2dx) is a
subspace of L1(Rn, h2κ(x)dx) for 1 < p
′ <∞ and hence the map
λ 7→
∫
Rn
g(y)τxϕλ(y)h
2
κ(y)dy
is a continuous function on Λ0p. Moreover, by Morera and Fubini, the map
is holomorphic. Since A1 is a nonempty open subset of Λ
0
p it follows that∫
Rn
g(y)τxϕλ(y)h
2
κ(y)dy = 0
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for all λ ∈ Λp; in particular, for all λ ∈ R. In view of the definition of τxϕλ
and Lemma 3.1 (1), we infer that for any t > 0
e−t∆κg(x) = cN
∫ ∞
0
e−tλ
2
( ∫
Rn
τ−xϕλ(y)g(y)h
2
κ(y)dy
)
λn+2γ−1dλ = 0.
Since the heat semigroup e−t∆κ is strongly continuous on L1(Rn, h2κdx),
g ∈ L1(Rn, h2κdx), e−t∆κg = 0 for every t > 0 implies g = 0. When p = 1 we
have a bounded function g1 such that∫
Rn
g1(y)τxϕλ,κ(y)K˜n/2+γ(y)dy = 0
for all λ ∈ Λ1. Since g(y) = g1(y)K˜n/2+γ(y) belongs to L1(Rn, h2κ(x)dx) we
can conclude that g1 = 0 as before. This proves the density of span of A1.
The density of the spans of A2 and A3 are similarly proved. 
Remark 3.10. By keen observation of the above proof, Proposition 3.9 still
holds if we replace the space Lpρ,κ(Rn) by the weighted mixed norm space
Lp,2ρ,κ(Rn) for 1 < p < ∞, p 6= 2. To see this we only have to check that
Aj are subsets of Lp,2ρ,κ(Rn) for 1 ≤ j ≤ 3 and the strong continuity of heat
semigroup e−t∆κ on Lp
′,2
ρ,κ (Rn). The latter fact has been already proved in
Theorem 3.5. To see the inclusions, we have τxϕλ ∈ Lp,2ρ,κ(Rn) whenever
λ ∈ Λ0p. This also follows from the estimate |Eκ(ix, λω)| ≤ Ce|ℑ(λ)| |x|. It is
then clear that Aj ⊂ Lp,2ρ,κ(Rn).
Now we are ready to prove the remaining main theorems (Theorem 1.5
and Theorem 1.8).
Proof of the Theorem 1.5: In Theorem 3.2 we already proved that Tt =
e−tA defines a strongly continuous semigroup on Lpρ,κ(Rn) for 1 ≤ p < ∞.
In view of Corollary 2.8 and Proposition 3.9, T ct is chaotic on L
p
ρ,κ(Rn) for
c > cp and 1 ≤ p <∞, p 6= 2. This proves the sufficient part of part (1) of
Theorem 1.5. For necessary part we make use of Theorem 3.8 according to
which the point spectrum σpt(∆κ + ρ
2− c) of the operator (∆κ + ρ2 − c) on
Lpρ,κ(Rn) is given by
P0p − c = {λ2 + ρ2 − c : |ℑ(λ)| < γpρ}
for 1 ≤ p < ∞. By the geometric form of the above set, it can be eas-
ily seen that the set σpt(∆ + ρ
2 − c) ∩ iR is empty for c ≤ cp and hence
in view of Theorem 1.1, T ct is not chaotic. This proves part (1) of The-
orem 1.5. Now we proceed to part (2). We note that for any c ∈ R,
the semigroup T ct = e
−t(A−c) is not hypercyclic on L∞ρ,κ(R
n), since for
any f ∈ L∞ρ,κ(Rn), T ct f is a continuous bounded function and hence the
closure of the orbit {T ct f : t > 0} in L∞ρ,κ(Rn) is a subset of the sub-
space of all continuous bounded functions which is a strictly smaller than
L∞ρ,κ(R
n). This proves part (2). For part (3), we know that the L2−spectrum
σ2(∆κ) of ∆κ on L
2
ρ,κ(R
n) = L2(Rn, hκ(x)
2dx) is given by [0, ∞) and hence
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σ2(∆κ + ρ
2 − c) ∩ iR has at most one point. In view of Theorem 1.1, T ct is
not chaotic on L2ρ,κ(R
n). This proves part (3) which completes the proof of
Theorem 1.5.
Proof of the Theorem 1.6: Let us define ap :=
2ρ2
p′ for 1 ≤ p < 2 and
ap :=
2ρ2
p for p > 2. In view of Theorem 3.2, for any f ∈ Lpρ,κ(Rn), we have
‖T ct f‖Lpρ,κ(Rn) = ect‖Ttf‖Lpρ,κ(Rn) ≤ Ct
n+2γ−1
2
γpe−t(ap−c)‖f‖Lpρ,κ(Rn)
where Tt = e
−tA. From the above, the operators T ct are bounded uniformly
in t on Lpρ,κ(Rn) for c < ap. Consequently, for each f ∈ Lpρ,κ(Rn) the orbit
{T ct f : t > 0} is a bounded set and hence it cannot be dense in Lpρ,κ(Rn).
Thus T ct fails to be hypercyclic. This proves part (1) and part (2) which
completes the proof of Theorem 1.6.
Proof of the Theorem 1.8: In view of Theorem 3.5, the semigroup T ct is
strongly continuous on Lp,2ρ,κ(Rn) for 1 < p < ∞, p 6= 2. In view of Remark
3.10 and Corollary 2.8, T ct is chaotic on the space L
p,2
ρ,κ(Rn) for c > cp and
1 ≤ p < ∞, p 6= 2. This proves the part (1). For part (2), in view of
Theorem 3.5, for any f ∈ Lp,2ρ,κ(Rn) we have
‖T ct f‖Lp,2ρ,κ(Rn) ≤ Ct
n+2γ−1
2
γpe−t(cp−c)‖f‖
Lp,2ρ,κ(Rn)
.
For c < cp, by the same arguments given in the proof part (3) of Theorem
1.5, T ct fails to be hypercyclic. This proves part (2) which completes the
proof of Theorem 1.8.
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